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Abstract 

We investigate relevant deformation and the renormalization group flow in a defect con- 
formal field theory from the point of view of the holography. We propose a candidate 
of (yf-function in the context of the holography, and prove the (7-theorem: the (yf-function 
is monotonically non-increasing along the RG flow. We apply this (7-theorem to the D5- 
brane solution which is an asymptotically AdS^ x S'^ brane in AdS^ x . This solution 
corresponds to the mass deformation of the defect CFT. We checked that the (/-function 
is monotonically non-increasing in this solution. 



1 Introduction 



Quantum field theories with defects (domain walls) appear in various fields of physics. 
This class of theories includes boundary conformal field theory, and provide the excellent 
worldsheet description of D-branes Defect quantum field theories are also useful in 
impurity problem in condensed matter physics 10-0. 

Some defect conformal field theories have been considered p|-pi| in the framework of 
AdS/CFT correspondence |[TT|,p!2|. In this context, branes on AdS correspond to defects 
in CFT. The defects which do not break the scale invariance correspond to AdS shaped 
branes. In AdS^ x for example, a D5-brane wrapped on AdS^ x S'^ corresponds to 
a defect which preserves the scale invariance of 4-dimensional J\f = 4 super Yang-Mills 
theory. 

In ordinary AdS / CFT correspondence, some relevant deformation and renormalization 
group flow (holographic RG flow) have been considered by the deformation of the geometry 
of AdS [p!^-p2|. The coupling constants for relevant operators in field theory correspond 
to tachyonic fields (satisfying Breitenlohner-Freedman bound [^]) in AdS, and energy 
scale corresponds to the radial coordinate of AdS. Especially, the c-function is defined in 
gravity side and proven to be monotonically non- increasing along the flow. 

It is also essential to consider relevant deformation on the defect and the renormal- 
ization group flow. We investigate this relevant deformation on defect in the framework 



of the holography. A solution of an flow has been constructed in |2J]. Another type of 
solution is obtained in 0. 

First, we consider the mass deformation of the fields on the defect. We consider 
the deformation of the AdS4^ x S"^ D5-brane in AdS^ x S^, whose holography to defect 
conformal field theory is considered in We explain the solution of the field theory on 
the brane The IR theory on the defect turns out to be massive as expected. This 
means that the defect decouples from the ambient theory and vanishes in IR. 

Next, we propose a candidate of the (^-function in the holography, and prove the 
(^-theorem, gf-function (boundary entropy) in defect field theory is an analogue of 
c-function in ambient field theory. It has been conjectured in p5| that the (^-function is 
monotonically non-increasing in the flow (^f-theorem) , which mean guy > gi^. 

Let us note here about the terminology. The words "boundary" and "bulk" are very 
confusing in this context. Therefore we use the following words in this paper. We call 
each side of the duality "gauge theory" and "string theory" . As for the gauge theory side, 
we use "defect" and "ambient" . In the string theory side, we use "brane" and "gravity" . 
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2 The solution representing the flow 



In this section, we explain a D5-brane solution, which represents the mass deformation on 
the defect. This solution has been first obtained by Karch and Katz 0. Some features 
of this solution has been also discussed in |jlO[ Q 

2.1 Setting 

We consider the near-horizon geometry of D3-branes. This background is AdS^ x 
with RR 5-form flux. Let us denote the coordinates of AdS^ by (p, x^), (/i = 0,1,2,3) 
and the coordinates of by {ilj,6i,(pi,62,ip2)- The near-horizon metric can be written 

as 



ds^ = W 



dp^ + e~'^^T]f,^dx^dx'' + dip'^ + cos^ ipidOl + sin^ Oidifl) + sin^ ipidOj + sin^ 62d!fl' 

(2.1) 



where R = {AiTa''^gsNy^^, and r^^^/ = diag(— 1, 1, 1, 1). The RR 5-form flux F(5) is ex- 
pressed as 

F(5) = {e~'^^dx^dx^dx'^dx^dp + cos^ tpsin^ V'sin6'i sin 92dipd9idipid92dip2) ■ 

9s 

The RR 4-form potential reads 

C(4) = (—x^e~'^'^dx^dx^dx'^dp + (f2Cos'^'ipsm'^'ipsm9ism62d'il'd6idLpid62). (2.2) 

9s 

We explore a single D5-brane in this background by considering the theory on D5- 
brane: Dirac-Born-Infeld term + Chern-Simons term. In our convention, the bosonic 
part of this D5-brane action in this background becomes 

/5 = -^/ rf^^y^MG^I+W^-gl FAC(4), a,6 = 0,...,5, (2.3) 

where Pp := (27r)-P(a')"(P+i)/2 ^ jg 

the U(l) gauge field strength on the brane. Gab is 
the puUback of the spacetime metric (^Al) , and C(4) is puUback of the RR 4-form potential 



^ Although we independently obtained the result explained in this section, after submitted this paper 
to e-print archive, we become aware of the earlier paper |^ in which the same result appeared. I would 
like to thank Andreas Karch for letting me know this. 

^After submitted this paper to e-print archive, we also become aware that some result in this section 
has been obtained in mn. I would like to thank David Mateos and Selena Ng for letting me know this. 



3 



A simple solution of the system (|2.3|) is the AdS4 x S"^ brane expressed as 



J =0,1,2, p = ^' 



X 



^ = 6*2 = V92 = 0, 



ab 



0. 



(2.4) 



Let us make a few comments about this solution. First, this solution is the simplest 
one among the solutions constructed in ^ , and the two ambient theory living in left and 
right of the defect in associated gauge theory are the same theory. The associated defect 
CFT has been investigated in detail in . In this paper, we mainly consider this simplest 
case. 

Secondly, this solution is BPS as shown in and has a tachyonic mode ip @, which 
satisfies the Breitenlohner-Freedman bound ||2^. We consider next the deformation of 
this solution by this tachyonic mode. 



2.2 Mass deformation and D-brane solution representing the 
flow 

Now, let us consider the deformation of AdS4 x S"^ brane mentioned in the previous section. 
First, we consider the meaning of the field ip in the gauge theory. In 0, it is claimed 
from the conformal dimension and the R charge that the operator which correspond to ip 
is the mass term on the defect 

J d^xcfQmaljQ'Q^, (2.5) 

where m is the coupling constant (mass) and is one of the Pauli matrices, and 
Q\ Q\ i = 1,2 are the superfield on the defect 

Q'{x, e, e) = q\x) + m\x) + ^eef (x), 
Q'ix, e, e) = q'ix) + ¥{x)e + ieef(x), 

and G, O are the fermionic coordinates of the superspace. The deformation (|2.5|) is rele- 
vant, and the conformal dimension shows that the leading term of the fiow equation are 
expressed as 

A— m = — m + ■ ■ • , (2-6) 
dA 

where A is the energy cut-off. 

Next, let us turn to the string theory side and solve the fiow. Since we deform the 
theory by the operator on the defect, the bulk theory does not fiow. This means in string 
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theory side that only the 74^5*4 x S"^ brane is deformed, but the background geometry 
AdS^ X is not deformed. Consequently, the theory governs this flow is the one expressed 
by the brane action ( p.3|) 0. 

In the region of negative large p (UV in gauge theory side), we add a small perturbation 
to ip (independent of a = 0, 1, 2). Then ip varies along p according to the action ( |2.3| ). 
In gauge theory side, this motion is renormalization group flow. We make dependent 
on C,'^ = p, that is, ip = ip{p), and other fields are the same as Eq. (|2.4| ). Since we want 
to find a solution asymptotically AdS^ x S'^, we impose the boundary condition ip 
when p —>■ — oo . 



If we insert this anzats to the D5-brane action ( p.3[ ), the action becomes 



/r r7T r2ll , 

d'^x j dp ddi dt^iR^e-^" cos^ sin 9^ ^Jl + 

= -AttR'^T^J d^x J (ipe-^''cosVyiT(VO^, (2.7) 

where T5 := p^/gs is the D5-brane tension, and ip' := dip /dp. 

We can derive the equation of motion of ip from the action (|2.7| ). However, in this 
method, the relation between equation of motion and RG flow equation is not clear; the 
equation of motion is a second order differential equation, while the RG flow equation 
is a first order one. We can derive the first order differential equation from the action 
( p.7|) by considering the Bogomolnyi-like bound. In this case, we are considering the 
supersymmetric flow. 

To derive Bogomolnyi-like equation, we denote the relevant factor of ( p.7| ) as and 
rewrite it as 

I^:= f dpe-^'cos^^^l + iiP'y 

dpe~^'' cos^ ip^J {cosip + ip' sinip)^ + (sinip — ip' cosipy 
> J dpe~^'^ cos^ ip\J (cos ip + Tp' sin ipY 

= - \e-^^ cos^ ip{A) - e-^^ cos^ ^(5)1 . (2.8) 
3 

In the last equality, we denote the range of integration A < p < B . The condition to 
saturate the inequahty ( p.8| ) leads to the Bogomolnyi-like equation 

sin?/' — ?/'' cos = 0. (2.9) 

It can be checked that if ip satisfies Eg. ( p.9|) , then this ip satisfies the equation of motion 
derived from Eq. (|2.71 ). 



Since we consider the configuration with 3-dimensional Poincare symmetry, the fermion fields do not 
have vacuum expectation value. 
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Figure 1: The form of the brane. There are no singularity on the brane at p ^ 0. 



We claim that Eq.( |2.9| ) represents the flow equation in the gauge theory and ip is 
proportional to m. In order to see the asymptotic consistency, we write the relation 
between the energy cut-off A and radial coordinate p. This relation can be read from the 
coefficient of ri^^dx^dx'^ in the metric (|2.1|) as 

A = AqC"'', (Aq : constant). 

If we take this relation into account, we can rewrite Eq.(p.9|) as 

A—Tp = — tan ip = —ip + ■ ■ ■ . 

dA. 



This is consistent with Eq. (|2.6| ). 

The flow equation ( |2.9| ) can be easily solved. The solution becomes 



ip = arcsine'', (2-10) 

where we suppress the irrelevant integral constant. The branch of arcsin is taken to 
< tp < 71/2. Let us make a few comments on the solution ( p. 101) . 



First, the solution (|2.1CI| ) is only valid in p < 0. In p > 0, there is no brane. This fact 
shows that in IR region in the gauge theory, the fields on the defect becomes massive, 
and decouple from ambient. This means, in IR region, the defect vanishes and the CFT 
without defect is realized. 

Secondly, the solution ( p.lOj ) looks singular at p = 0, but this brane is not singular 
when we consider the whole brane as illustrated in figure |I|. In order to see this, we write 
the induced metric on the brane of this solution 

R-^dsl^^^^ = e-^%jdx'dx^ + + (V^'(p))^] + cos'^'4^{p) [dOl + sm^ Oid^fj . 

In p 0, the first term is not singular, but the second and third term might be singular. 
If we introduce the new coordinate £ = a/— 2p, the second and the third term can be 
rewritten in £ —> as 

de + e{de^ + ed^^). 
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-# D5 

D3 



D5 

D3 



Figure 2: The configuration of the D3-branes and the D5-brane. In the left picture, 3- 
5 string have massless mode and the defect preserves the scale invariance in the gauge 
theory. In the deformation we done here, the D5-brane and the D3-branes are separated, 
the 3-5 string become massive, and the scale invariance is violated. 




Figure 3: Another picture of separating the D3-branes and the D5-brane. The surface 
represents the geometry around the D3-branes and the bold line represents the D5-brane. 
If we add the mass to the fields on the defect, the D5-brane vanishes in the halfway of 
the throat. 
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This metric is smooth in £ — > 0. 

Thirdly, the deformation we have done here is correspond to separating the D3-branes 
and the D5-brane in the D3-D5 system as illustrated in figure ^ and figure If we separate 
the D3-branes and the D5-brane, the 3-5 string (the fields on the defect) becomes massive. 
Also, the D5-brane comes to stop in the halfway of the throat. These facts agrees with 
the solution we obtained here. 

Finally, we expect this configuration preserves some supersymmetry since this con- 
figuration is the solution of the Bogomolnyi-like equation. It is also expected from the 



operator ( p.5| ) in gauge theory side. In the next subsection, we will see this fact in detail 



by considering the Killing spinor and kappa symmetry projection on the brane. 
2.3 Supersymmetry of the solution 

Let us consider here the supersymmetry of the solution obtained in the previous subsec- 
tion. The surviving supersymmetry in the situation of D-branes embedded in supersym- 
metric vacuum is expressed by Killing spinors consistent with kappa symmetry projections 
of D-branes (see for example, [^). In this subsection, we set R = Qs = 1 for simplicity. 



First, we write down the Killing spinors of AdS^ x S^. We use the vielbein of metric 
.11) 

= e-^c/x", (a = 0, 1, 2, 3), = dp, = dip, 

= cos if) dO I, = cosipsuiOidLpi, = sin ■ipd92, = simp sin 92dip2- 

We also use the gamma matrices 7"^, A = 0, ... ,9 which satisfies 

{7^, 7^} = 2r/^^, r/^^ = diag(-l, 1, . . . , 1), A ^ = 0, 1, . . . , 9. 

In order to represent the two Majorana-Weyl spinor in IIB theory, we use one Weyl spinor 
e = ei + ie2, where ei and €2 are Majorana-Weyl spinor. The Killing spinor equation 
(invariance of gravitino) can be written as 

Oa + -^^A iBC + 7:7 7a e — U, Oa ■— 



This equation can be solved as 

e = e^P-iiC-^^^^^hr]. + e'^^'e-^^^'^/i + ^ x^^iaV^ , (2.11) 

\ a=0 / 

where h = h{6i, 1^1,62,^2) is an unitary matrix dependent only on Qx,^\,Q2-,^2- This h 
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satisfies the following differential equation. 

-w^ = -^746^, ^— = - o (76 cos 9i - 74 sm 9i) 'jjh, 

W, = 9^ = ~2 " 74Sin^i)79/^. 

We need the concrete form of h with 62 = (f2 = (on the brane world volume) afterwards. 
This can be easily obtained as 

hi9i, v?i, 6*2 = 0, ip2 = 0) = exp (^-^jmOi^ exp (^^'y^Yipi^ . 

In Eq.( |2.1lD , ri± are constant spinors which satisfy 

^-y0i23^_^ = ±r]±- 

These constant complex spinors can be expressed by two Majorana-Weyl spinors A and 

X as 

= {l - X, V^ = {l + ^l'''')x. (2.12) 

This shows that there are total 32 linearly independent Killing spinors. 

Next, we consider the kappa symmetry projection. If we put some D-branes in this 
background, the surviving supersymmetry corresponds to the Killing spinors consistent 
with kappa projection on the D-brane world volume 

Te = e, (2.13) 

for the operator F determined by the D-brane configuration. 

In our solution obtained in the previous subsection, F can be written as 

r = -^7oi24e''^^'^767i^, (2.14) 

where K is an anti-unitary operator which act on a spinor as Ke = e* (charge conjugation) 
and commute with gamma matrices. If we impose the condition ( ^.131 ) with ( [^.14| ) on the 



brane world volume to the Killing spinors ( p.ll| ) with (|2.12|) , we obtain the condition on 
A and x 

A = 0, 73467X = X- 

As a result, there are 8 linearly independent Killing spinors surviving in the solution 
obtained in the previous subsection. This is the same amount as the supercharges of 3- 
dimensional J\f = 4 super Poincare symmetry, and consistent to the picture in the gauge 
theory side. 
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3 ^-theorem 

In this section, we consider the (7-function and the (7-theorem (analogue of c-function 
and c-theorem in ambient field theory) in defect CFT. First, we extend the definition of 
(^-function to higher dimensional CFT. Next, we define the ^f-function from the point of 
view of the holography, and prove this (^-function is monotonically non- increasing. 

In this section, we consider n- dimensional ambient CFT and (n — l)-dimensional de- 
fects. This means in string theory side AdSn brane in AdSn+i- 



3.1 5^- function in higher dimensional defect CFT 

Let us consider the n-dimensional CFT with (n — l)-dimensional defect at finite tem- 
perature. In high temperature and large volume, the total free energy can be written 
as 

F -f^ambicnt ~l~ -^defect- 

The conformal symmetry implies the temperature dependences of -Fambient and -Fdefect are 
determined as 

-^ambient = —CbVn-lT^, -^defect = —bVn~2T^ ^, (3.1) 

where T is the temperature, Vn-i is the (n — l)-volume of the ambient space, Vn-2 is the 
{n — 2)-volume of the defect, and a and b are dimensionless constants. Note that the 
coefficient b represents the degrees of freedom on the defect. By using this b, we define g 
in higher dimensional CFT by the equation 

\ng := b. 

This is a natural extension of n = 2 case 0. 



Let us consider the RG fiow from UV defect to IR defect in the same ambient. Philo- 
sophically, the degrees of freedom decreases along the RG fiow. Thus, we expect the 
(^-theorem: The (7-function of UV defect is larger than that of IR defect. 

3.2 Holographic 5^- function 

In this subsection, we consider gf-theorem from the point of view of the holography. The 
convenient metric of AdSn+i brane to treat the ^^-function is 

ds'^ = dr"^ + exp r]fi>^^'^^'^ y /i, z/ = 0, . . . , (n — 1). (3.2) 



4 



In n = 2 case, vq is interpreted as 1, and b is the defect entropy. That isb = S'dcfcct ■— ^dF^dcct/dT. 
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The AdSn brane is sitting at ^ = 0. 

We propose a candidate of (yf-function in the string theory side as follows 

liag = —aTrr- (3.3) 

In above equation, T^r is the rr element of the energy momentum tensor of the brane. a 
is an positive constant which might depend on R and parameters of the ambient theory. 
But a is independent of the energy scale and parameters of the defect theory. Now, we 
will see this function has the following two properties 

• At the conformal point, this In^f agrees with the definition of the previous subsection. 

• g is monotonically non- increasing. 

Let us first consider the following simple example. In this model, a single scalar 
lives on the brane. We set the action of the brane as 



-^brane — — J d"'^y/—G 



(3.4) 



where we set C,-' = , j = 0, . . . ,{n — 2), ^"-'^ = r. Gab is the induced metric of 
and V{(j)) is the scalar potential. The rr element of the energy momentum tensor of this 
theory takes the value 

2 \ dr 



Trr = U^\ -n^)- (3.5) 



For each critical point 0o, = 0, we obtain SO{n — 1,2) symmetric solution 

0(r) = 00, (constant), where conformal symmetry is realized in the gauge theory side. 
The contribution of free energy from the defect is expressed as the brane action (in some 
regularization) 

Fdefect oc /brane = J VGV {(po) = V {(po) X (uuiversal factor), 

where the (universal factor) do not depend on 0o. Above equation shows that the free 
energy of the defect and the factor b in Eq.( |3.1|) is proportional to V(0o). On the other 
hand, Trr = — ^(0o) is satisfied at conformal point. Therefore, Ing of Eq. (|3.3|) is identical 
to b in Eq.( p.l| ) at conformal points if we set appropriately the constant a in Eq. (|3.3|) . 

We can also show in ( ^.5[ ) is monotonically non- decreasing (that is, g is monoton- 
ically non-increasing) as a function of r. Actually, the r derivative of Trr reads 

2 



At =^(^-— {(/))] ={n-l)(—\ >0 
dr dr \ dr'^ d(f) J \dr J ~ ^ 
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where we use the equation of motion in the second equahty. 

This ^f-theorem can be proven not only in the model ( |3.4| ), but also in rather general 
system of brane in which the conservation of energy-momentum and the weaker energy 
condition are satisfied. Actually, conservation of energy momentum and (n — 1) dimen- 
sional Poincare invariance imply 

n — 1 



T 

dr 



R 



{t\ - T° 



The left-hand side of this equation is positive if we impose the weaker energy condi- 
tion. Note that the weaker energy condition is also essential to prove c-theorem in the 
holography [0 . 



Let us see the ^f-function of the flow obtained in section ^ By using the relation 
Rp = r, the rr element of the energy momentum tensor reads 



AttR^T^ cos^ ip 



^1/2 



If we insert the solution ( p.lOj ), Trr becomes 

Trr = —AiTrR^T^cos^ip, ijj = arcsinexp(r/_R). 



This Trr is actually monotonically increasing as the function of r. 



4 Conclusion 

In this paper, we investigated the RG flow on the defect from the point of view of the 
holography. 

First, we construct the solution of the D5-brane action which represents the RG flow 
of relevant deformation. We check that this deformation preserves right amount of super- 
symmetry. 

Next, we propose a candidate of (^-function in brane theory. We prove that this g- 
function is monotonically non-increasing along the RG-fiow by using the weaker energy 
condition. It is also checked that the (/-function of the solution we obtained in this paper 
is actually monotonically non-increasing. 

One of the most important future problem is to find a flow from CFT to CFT. One 
simple realization of this kind of flow is adding flavour to the defect fields. This correspond 
to preparing the multiple D5-branes. Another way is to consider the defect connecting 
two different CFTs. This correspond to considering bent D5-branes f^. 
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It is also an interesting problem to consider the deformation of AdS2 brane in AdSs. 
The corresponding defect CFT becomes two dimensional one (with one dimensional de- 
fect) and close to the setting of the original (yf-theorem. In this AdS^ case, the string 
worldsheet approach is also useful [^^-|3^. This makes it possible to analyse the corre- 



spondence including the stringy corrections. 
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